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a b s t r a c t

The statistical behavior of colliding spherical particles onto rough walls is investigated by simulating
deterministic rebounds onto two geometric rough walls with different collision angles. The first wall is
generated from Gaussian distribution of wall roughness angles, whereas the other consists in a Gaussian
distribution of the wall roughness heights and positions. The distribution of wall roughness angles expe-
rienced by the incident particles at the first rebound matches the effective probability distribution func-
tion (PDF) given by Sommerfeld and Huber [Sommerfeld, M., Huber, N., 1999. Experimental analysis and
modelling of particle–wall collisions. Int. J. Multiphase Flow 25, 1457–1489]. The probability of the par-
ticles to make multiple rebounds according to the first rebound angle is characterized. As shown by the
probability distribution function of the effective particle rebound angles, the multiple rebounds appear to
be crucial for the global behavior of the particles moving away from the near-wall region, especially for
the particles hitting the wall with primary collision angles very close to zero (referred to as grazing inci-
dent angles or particles). The multiple rebound effects lead to a zero probability for the particles to
rebound with a grazing angle after the final collision onto the rough wall, contrary to the results obtained
with the ‘‘Shadow Effect Model”. With a special emphasis on the description of the rebound mechanisms
shown by the simulation results obtained with deterministic rebounds, a new Lagrangian stochastic
model based on only one rebound but incorporating the effects of multiple rebounds, is proposed for
the particle–rough wall interaction. The model is validated by comparing the PDF of the effective rebound
angle with available measurements.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction and background Eulerian researches have been dedicated to the particles bounc-
Disperse multiphase flow problems involving the particle–
wall interactions arise in many processes of practical impor-
tance. The relevance of these interactions has been extensively
investigated. For example, aerodynamic drag and lift forces act-
ing on a finite-sized rigid spherical particle moving in the vicin-
ity of a wall are correlated to the separation distance from the
wall, according to the measurement (Muthanna et al., 2005)
and the theoretical investigations (see e.g. Zeng et al., 2007).
Moreover, the rebounds onto the wall are frequent for inertial
particles whose response time is larger than characteristic time
scales of fluid phase. These collisions, besides the change of
the velocity direction, induce the loss of the momentum, the
rotation of the particle and sometimes particle fractures. For
such particles, the understanding of these rebound processes is
of fundamental importance, in order to compute realistic trajec-
tories from the equations of motion. To gain a basic understand-
ing of the controlling mechanisms, many Lagrangian and
ll rights reserved.

: +33 561 285 899.
ing onto smooth walls (see e.g. Ottjes, 1978; Oesterlé, 1991;
Sakiz and Simonin, 1999; Alipchenkov et al., 2001). However,
according to Tsuji et al. (1987), inelastic collisions of spherical
particles onto a plane wall result in many particles sliding along
the wall after a number of collisions, contrary to experiments.

In practice, the walls are rough and their effects on the dis-
persed phase depend on the ratio between the particle diameters
and the sizes of the asperities. Recent measurements in horizontal
and vertical turbulent two-phase channel flows from Kussin and
Sommerfeld (2002) and Benson et al. (2005) have shown that wall
roughness has a strong effect on the dispersed phase properties.
Kussin and Sommerfeld (2002) showed that the wall roughness en-
hances the transverse dispersion of the particles and their fluctuat-
ing velocities throughout the channel. Their measurements
indicated that the wall roughness also causes a conspicuous reduc-
tion of the particle transport velocity. Except the analogous results
on the wall roughness effects reported by Kussin and Sommerfeld
(2002), the reduction of the particle transport velocity showed in
the experiments of Benson et al. (2005) with the fully rough walls
compared to the corresponding result for the smooth wall is
around 40%.
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Fig. 1. Illustration of the rebound of a spherical particle onto the inclined smooth
virtual wall.
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In the light of these measurements, the interaction between the
particles and the wall roughness must be taken into account in
numerical simulations. However, the problem remains the accu-
rate modeling of the physical mechanisms that arise during the
interactions.

The most natural approach consists in a deterministic modeling
of the rough wall. The underlying idea of this modeling is the prior
representation of the rough wall structure. Although the wall
geometry is deterministic, its modeling is performed using sto-
chastic approaches. In this way, by assuming no correlation be-
tween the position of the incident particle and the wall
roughness structure, Matsumoto and Saito (1970a,b) consider a
periodic location of the asperities and a uniform distribution of
the roughness heights. The rough wall structure is modeled as
the following sine function:

y ¼ Ar sin
2p
Lr

xþ a
� �

ð1Þ

in which a is the phase of the roughness treated randomly accord-
ing to a uniform distribution in ½0;2p�. Ar and Lr are the amplitude
and the cycle of the wall roughness, respectively.

Comparisons between numerical simulations and measure-
ments showed reasonable agreement for both mean velocity and
concentration of the dispersed phase in the channel. However,
Sommerfeld (1992) pointed out that the walls in the experiments
must be regarded as smooth, because the measurements were con-
ducted in a channel made of glass plates. For these reasons, the
experiments demonstrate the effect of slight non-spherical parti-
cles instead of the wall roughness.

The two-dimensional geometrical rough wall model proposed
by Frank et al. (1993) is based on the random distribution of height
and location of the rough wall asperities. The rough wall surface is
schematically described from a juxtaposition of polygonal ele-
ments whose vertex coordinates sn and zn are provided from a ran-

dom uniform distribution over 1
2 S; 3

2 S
h i

and ½�zmax; zmax�,
respectively. The model parameters zmax and S, which must be
determined by a prior microscopic examination of the wall mate-
rial specimens, are functions of the diameter of particles dp and
of the mean values of the length scale and the amplitude of the
wall surface roughness. Numerical predictions of the particle mean
velocities in gas-particle horizontal channel flow showed a good
agreement with measurements for large inertial particles, whereas
they were overestimated for the smaller diameters. The discrepan-
cies were attributed to the effects of three-dimensional roughness,
which may play an important role in the loss of kinetic energy dur-
ing rebounds.

Despite the importance of the three-dimensional structure of
the wall roughness, the realistic two-dimensional stochastic
roughness structure proposed by Tsirkunov and Panfilov (1998)
consists, by using the cubic spline, in the connection of a finite
number N of random points ðxi; yiÞ16i6N satisfying:

x1 ¼ 0
xi ¼ xi�1 þ hþ n ði ¼ 2;3; . . . ;NÞ
yi ¼ g ði ¼ 1;2; . . . ;NÞ

8><
>: ð2Þ

where 2h is the mean cycle of the roughness, and the random values
n and g are sampled from Gaussian distribution with a zero mean
value and standard deviations Dn and Dg, respectively. Dg defines
the mean height of the asperities of a surface or the mean roughness
depth. The parameters h;Dn and Dg should be determined from
measurements.

To validate this model, Tsirkunov and Panfilov (1998) investi-
gated the rebound process with three different rough walls: a
sine-shaped profile, the above model (2) and a sample of measured
profile, on which 105 particles have been thrown for a given colli-
sion angle. The particles were allowed to make multiple rebounds
onto the rough wall in order to leave the rough wall structure. The
scattering of the particles after rebound onto each of the rough
walls is compared with the case of smooth wall. With the sine-
shaped profile, a narrow dispersion over the direction of particle
velocity is obtained. By contrast, a spread similar distribution of re-
bound angle was observed for the other two wall cases. This result
indicates that the modeling of the roughness structure by sine-
shaped is inadequate. The second important result is the probabil-
ity density function of the rebound angle of the particles that re-
veals a zero probability to rebound with an angle very close to
zero (referred to as grazing angle or particle, in the following). In-
deed, as long as the particle rebounds with a grazing angle, it
would encounter another asperity, resulting most probably in a
large rebound angle which would ensure that the particle leaves
the near-wall region.

Granted the deterministic modeling of the rough wall is very
precise to investigate the mechanisms arising during the parti-
cle–rough wall interactions, however such an approach turns out
too cumbersome for practical computations because of the deter-
mination of collision location onto the geometrical wall whenever
a rebound occurs.

Another more practical description of particle–rough wall inter-
actions consists in the stochastic modeling. In this approach, it is
not needed to construct the rough wall structure. However, one at-
tempts to model the effect of the roughness on the colliding parti-
cle onto the wall. The basic idea assumes whenever the particle
reaches the rough wall, it contacts a smooth ‘‘virtual” inclined wall
with a randomly chosen angle c (see Fig. 1). This ‘‘virtual wall”
modeling approach first introduced by Tsuji et al. (1987) implicitly
assumes that the roughness height is negligible. Their ‘‘Abnormal
bouncing model” based on the ‘‘virtual wall” concept that would en-
able spherical particles to bounce on the wall, even in the case of
inelastic rebounds, provides the inclined virtual wall angle c by
the following empirical formulation for a given incident angle a�:

c ¼ c Rk d0ðb� a�Þ if a� 6 b

0 otherwise

(
ð3Þ

where R is a random number between �0;1�; b ¼ 7�; c ¼ 5; k ¼ 4
and d0 is empirically obtained as a function of Froude number ðFrÞ
by:

d0 ¼
2:3
Fr
� 91

Fr2 þ
1231
Fr3 ; Fr ¼

�uffiffiffiffiffiffi
gh

p ð4Þ

in which �u is the mean fluid velocity and h the channel height.
This model implies that only the particles that reach the wall

with an incident angle smaller than the empirical limit angle b,
experience the wall roughness effects. Furthermore, the empirical
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formulation of d0 is intrinsically attached to horizontal flows.
Accordingly, the recent use of the ‘‘Abnormal bouncing model”
by Fukagata et al. (2001) to analyze the redistribution effects of
momentum by wall roughness on dispersed phase, in the frame-
work of Lagrangian simulations of the vertical turbulent channel
flow of gas-particle, led them to treat it as a parameter. They
showed that the probability distribution function of the wall
roughness c arising from ‘‘Abnormal bouncing model” is expressed
by:

PðcÞ ¼
½cd0ðb�a�Þ��

1
k

k c
1
k�1ð Þ; 0 < c < cd0ðb� a�Þ

0; otherwise

(
ð5Þ

This formulation indicates a high probability of the choice of acute
roughness angles.

Although the ‘‘Abnormal bouncing model” expresses a perspec-
tive effect of the rough wall in terms of the collision angle, its ma-
jor drawback is its incapability of reproducing wall roughness
effects for incident angles larger than b ¼ 7�. Basically, there is
no physical argument that could defend the restriction of wall
roughness effects for this incident angle domain. Moreover, the
fact that an incident particle may not hit a negative roughness an-
gle makes this model questionable. Actually, with a coarse approx-
imation of an asperity of the wall by a triangular shape whose the
base represents the macroscopic wall, there is no physical reason
that the probability for an incident particle to reach the descendant
side (characterized by negative angles) is null, and equals 1 for the
ascendant side. Another unpractical aspect of the use of ‘‘Abnormal
bouncing model” remains that the empirical values c; k and d0 can
be changed according to the case. Obviously, the use of the model
by Fukagata et al. (2001) to predict the particle phase properties in
rough channel yields discrepancies between the measurement and
the results, even by modifying roughness and rebound parameters.

The ‘‘Virtual wall” concept also constitutes the support of the
model of Sommerfeld (1992). However to improve the model, he
suggests:

� a random choice of the inclined virtual wall angle c for all col-
lision angle a�,

� the wall roughness angle c is chosen with respect to a probabi-
listic distribution law (uniform, Gaussian with zero mean and a
given standard deviation Dc) in ½�cmax; cmax�.

The first point assumes wall roughness effects for all particle
trajectories while the second one allows the random choice of neg-
ative angles. The maximum roughness angle cmax is obtained in
terms of the particle diameter and the most important parameters
of the rough wall, i.e. the mean roughness depth and the mean cy-
cle of roughness. In this model, the perspective effect of the rough
wall experienced by the incident particle is ignored, contrary to the
‘‘Abnormal bouncing model”. That obviously leads to some re-
bound issues for both the small collision angles and the negative
sampled wall roughness angles: the incident particle crosses the
wall after rebound. In other words, the particle goes out of flow do-
main. To overcome this problem, the solution adopted by Sommer-
feld (1992) consists in the change from c < 0 to an effective
roughness angle ceff ¼ �c > 0. This means that the sampling of
the wall roughness angle for these small collision angles is per-
formed according to another stochastic law which is far from a
Gaussian. Therefore, the distribution of the wall roughness angle
experienced by the colliding particles onto the rough wall (referred
to as incident effect) for a certain range of the collision angles is of
a crucial aspect to describe the rebound process.

Furthermore, the measurement of the distribution of the phys-
ical wall roughness angle by Schade and Hädrich (1998) and Som-
merfeld and Huber (1999) validates the Gaussian shape
approximation. However, Schade and Hädrich (1998) pointed out
that the effective probability density function (PDF) of the rough-
ness angle ‘‘seen” by the particles should be a modification of the
distribution of the physical wall roughness angle by an incident
effect.

According to Sommerfeld and Huber (1999), there exists a so-
called ‘‘shadow effect” for the small collision angles which results
in the combination of the incident and rebound effects. The first
one occurs before particle–wall collision and is due to a perspec-
tive of the physical rough wall for a given incident particle, while
the second effect that arises after the particle–wall collision is
due to the assumption that the particle should return in the flow.
From the first effect, Sommerfeld and Huber (1999) show that
the effective probability distribution function of the wall rough-
ness inclination seen by the incident particles is as follows:

Peff ða�;Dc; cÞ ¼ sinða� þ cÞ
sin a�

PgðDc; cÞnða�;DcÞ ð6Þ

nða�;DcÞ ensures the normalization of the PDF for the given colli-
sion angle a�. PgðDc; cÞ is the unconditional normal distribution de-
fined by:

PgðDc; cÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pDc2

p exp � c2

2Dc2

� �
ð7Þ

The procedure proposed by Sommerfeld and Huber (1999) to ac-
count for ‘‘shadow effect” in Lagrangian particle simulations is as
follows:

� the roughness angle is sampled from the normal distribution
function (7),

� if a negative roughness angle with an absolute value larger
than a� is sampled, an unphysical collision results, namely
the particle comes from behind the wall and hence a new value
is sampled for c,

� if the collision leads to the rebound velocity directed towards
the wall, a new roughness angle has to be sampled.

According to Konan et al. (2006), the PDF of wall roughness
resulting from this procedure might be expressed by:

PH

eff ðcjv�p Þ ¼ k v�p
� �

H �v�p � nc

� �
H Uc v�p

� �
� n

� �
PgðDc; cÞ ð8Þ

where the application Uc from the set of the incident velocities
(v�p , such as v�p � n < 0) towards the set of the rebound velocities
is defined by the particle rebound law on a smooth inclined wall
of angle c. The normalization coefficient k of the PDF is given by:

k v�p
� �

¼
Z p

2

�p
2

H �v�p � nc

� �
H Uc v�p

� �
� n

� �
PgðDc; cÞdc

" #�1

ð9Þ

The first Heaviside function of Eq. (8) conditions the realisability of
virtual wall angle by ensuring that the incident particle comes from
the flow and hits the virtual wall: v�p � nc < 0. The second one states
that rebounded particle returns into the flow after collision:
Ucðv�p Þ � n > 0.

As it is shown by the model (8), the procedure proposed by
Sommerfeld and Huber (1999) rather leads to a random sam-
pling of the wall roughness angle from a truncated normal dis-
tribution. Therefore, the procedure does not accurately account
for the incident effect, since the wall roughness is not sampled
from the effective PDF (6). However, it has been applied with
relative success by comparison with experiments in RANS/
Lagrangian simulations (see e.g. Laìn et al., 2002). It enabled to
investigate the influence of the 3D wall roughness on the particle
velocity variance, turbulent transport, and the concentration of the
particles in a vertical turbulent channel flow in the framework
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of LES/DPS simulations at low Reynolds number (Squires
and Simonin, 2006). Moreover, it has been used by Konan
et al. (2006) in the derivation of Eulerian rough wall boundary
conditions in the framework of continuum approach. However,
they pointed out the many grazing particles generated by the
‘‘shadow effect model”. This is expressed by a significant probabil-
ity for the particles to rebound with an angle close to zero.
Especially, when the incident collision angle is small, it emerges
a significant probability that the colliding particle rebounds with
a zero wall-normal velocity (Konan et al., 2007; Sommerfeld and
Huber, 1999). Because of the grazing particles, crucial closure prob-
lems in the derivation of Eulerian rough wall boundary conditions
occurred (Konan et al., 2006). According to Konan et al. (2007), the
underestimation of the wall-normal velocity variance arisen in
their LES/DPS simulations with the ‘‘shadow effect model”, is the
consequence of the absence of mechanisms that would allow the
grazing particles to return in the flow. Furthermore, Tsirkunov
and Panfilov (1998) have shown that the probability density to
rebound with null angle tends towards zero for the very small
collision angle. They argued that the major drawback in
Sommerfeld’s (1992) stochastic model is the impossibility of the
multiple rebounds. Basically, a particle could not indefinitely move
along the wall, since it might hit another asperity of the rough wall.
Most probably, that would ensure its moving away from the near-
wall region. But such an eventuality is unimaginable with the
‘‘Shadow Effect Model” because the analysis that led to its propo-
sition ignores the roughness heights.

It emerges from all these investigations that the ‘‘shadow
effect” procedure suggested by Sommerfeld and Huber (1999) can-
not correctly reproduce the incident effect experienced by the par-
ticles during the collision step especially for small collision angle,
and it describes partially the mechanisms that ensure the rebound
of the particles. Therefore, we might wonder:

� what is the real wall roughness angle distribution ‘‘seen” by an
incident particle?

� what is the effective behavior of a particle undergoing the col-
lision process with the rough wall?

The present paper investigates a statistical analysis on the
mechanisms that occur during particle–rough wall collisions. An-
swers to both foregoing questions are given by performing deter-
ministic rebounds of particles onto two different two-
dimensional rough wall geometries. The mechanisms showed by
the results are discussed and used as support of the derivation of
‘‘Rough Wall Multi-Collision model”, a new Lagrangian procedure
of particles–rough wall interaction treatment. Finally, a compari-
son between Sommerfeld and Huber (1999) measurements of
probability density function of rebound angles and the results of
simulations with the ‘‘Shadow Effect model” and the ‘‘Rough Wall
Multi-Collision model” is given.
(b)

Fig. 2. Simulated profiles of the wall roughness structure. (a) Gaussian distribution
of the wall roughness angles with Dc ¼ 2:5� (referred to as wall N�1). (b) Gaussian
distribution of both roughness height and position (referred to as wall N�2) with
h ¼ 12:8 lm, Dn ¼ 0:0 lm and Dg ¼ 0:808 lm.
2. Statistical study of the rebound of particles on geometrical
rough walls

2.1. Setup of the particle deterministic rebounds on the geometrical
walls

Despite the three-dimensional aspect of the wall roughness and
its most probably crucial influence in the description of the re-
bound mechanisms of the particles onto the rough walls, we con-
sidered the wall roughness as two-dimensional.

We simulated two roughness geometries. The first (referred to
as wall N�1) is consistent with Sommerfeld’s (1992) approach with
the Gaussian distribution of the roughness angles. The simulation
of the wall is performed by connecting, by segments of a line, a
finite number N of points ðxi; yiÞ16i6N generated according to:

x1 ¼ 0; y1 ¼ 0
xiþ1 ¼ xi þ Dx ði ¼ 2;NÞ
yiþ1 ¼ yi þ Dx � tan ci ði ¼ 2;NÞ

8><
>: ð10Þ

where Dx is a sampling distance whose modification leads to a sim-
ple homothetic transformation of the simulated wall. ci denotes the
ith wall roughness angle sampled from the unconditional normal
distribution (7) for a given wall roughness standard deviation Dc.

In this first model, the distribution of the positions and heights
of the asperities are not directly investigated. For the second wall
(referred to as wall N�2), we used the roughness structure pro-
posed by Tsirkunov and Panfilov (1998) (2) that accounts for the
random distribution of both positions and heights.

Two rough walls are assumed statistically similar if exactly the
same distribution of the wall roughness angle is found for an inci-
dent particle of diameter dp that hits both walls with a vertical an-
gle p

2.
In order to compare statistics resulting from deterministic re-

bounds onto both wall types for a given wall roughness standard
deviations, we defined the corresponding parameters h; Dn and
Dg of the model of Tsirkunov and Panfilov (1998). The procedure
to assess these parameters is empirical and starts by arbitrary
choice for them to simulate the rough wall. The next step consists
in throwing thousands of particles onto that simulated wall for an
incident angle equal to p

2. The parameters are modified until the ex-
pected standard deviation of the wall roughness distribution is
obtained.

To simulate the two standard deviations Dc ¼ 2:5� and Dc ¼ 5�,
the two diameters of the particles used are dp ¼ 500 lm and
dp ¼ 100 lm, respectively. We simulated only one rough wall
N�2, with the parameters h ¼ 12:8 lm; Dn ¼ 0:0 lm and Dg ¼
0:808 lm that exactly correspond to each couple of parameters
ðDc ¼ 5�; dp ¼ 100 lm) and ðDc ¼ 2:5�; dp ¼ 500 lm). Fig. 2(a)
and (b) presents two statistically similar rough walls with the wall
roughness standard deviation Dc ¼ 2:5�.

Deterministic rebounds of the particles onto these walls are
carried out by throwing many particles on them for a given inci-
dent angle a�. The initial position ðxp; ypÞ of the particles is such
that xp is randomly chosen between the wall bounds whereas yp

should be greater than the greatest height of the wall roughness.
Moreover, after a rebound if the particle continues to move to-
wards the wall (Fig. 3(a)) or rebounds with a grazing angle



Fig. 3. Illustration of the multiple rebounds. (a) The particle continues to move towards the wall after the first rebound. (b) The particle rebounds with a positive angle after
the first rebound. The wall roughness positions are spread out to clearly exhibit the rebound possibilities in terms of the first rebound angle aþ1 .
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(Fig. 3(b)), the particles are enabled to make multiple rebounds in
order to leave the wall region. In other words, while the particles
may hit the wall another time, the new collision point and the re-
bound velocities are computed until their complete moving away
from the wall. The pertinence of this assumption will be discussed.
Furthermore to better grasp the mechanisms, fully elastic re-
bounds are considered and the rebound velocities are then given
by: uþp ¼ u�p ; vþp ¼ �v�p

� �
. The superscripts (�) and (+) denote

the particle properties before and after rebound, respectively.
Three collision angles: a� ¼ 2:5�; 12:5� and 32.5� that typically ex-
press small (or grazing), medium and large collision angle are
studied.

2.2. Statistical analysis of simulation results

2.2.1. Distribution function of the wall roughness angles
According to the measurements of Sommerfeld and Huber

(1999), the distribution of the wall roughness angles can be
approximated by a normal distribution function. However, the dis-
tribution of the wall roughness experienced by a colliding particle
in terms of its attack angle onto the rough wall might be consid-
ered as an open problem. Actually, even though Sommerfeld and
Huber (1999) have shown from both geometrical and mathemati-
cal arguments that the effective distribution function of the wall
roughness seen by the particle is modeled by (6) and (7), neither
measurements nor numerical experiments validate this theoretical
formulation. Furthermore, it is obvious that the distribution of wall
roughness angle experienced by the particle differs according to
the collision angle, and it might spread or restrict to a certain do-
main of roughness angles for large or small collision angles. That
is simply a perspective effect.

Fig. 4(a)–(f) presents the distribution of the wall roughness seen
by the incident particle just at the first collision on the wall, for the
three incident cases and the two standard deviations of wall
roughness. The first interesting result is that the distributions ob-
tained with all simulated cases and both geometrical wall models
are nearly identical despite the difference in the generation of the
rough walls. This indicates that the statistical behavior of the par-
ticles is independent of the wall model during the first collision
step. Moreover, comparisons between the distribution of the wall
roughness angles drawn from deterministic rebounds and the
effective distribution (6) and (7) show excellent agreement, even
for the small collision angle. Secondly, the results do not show a
truncated Gaussian shape of the wall roughness distribution as it
occurs in the framework of the ‘‘Shadow Effect Model”
(Sommerfeld and Huber, 1999) with the small collision angles.

2.2.2. Stochastic characterization of the multiple rebounds
Fig. 3(a) and (b) shows, in terms of rebound angle aþ1 resulting

from the first collision of the particle, that the particle may reach
again the wall, whether it continues to move towards the wall or
it rebounds with a grazing angle. Actually, when the particle con-
tinues to move towards the wall, this means that the first rebound
angle aþ1 is negative, and consequently the particle will inevitably
reach the wall. This is illustrated in Fig. 5 by the constant shape
of the curve for aþ1 < 0 indicating a probability equal to 1 to make
another rebound. The second part highlighted by Fig. 5 shows that
with a positive rebound angle, there exists a decreasing probability
for the particle to make another rebound when the rebound angle
increases. The probability to make another rebound when aþ1 > 0,
emphasized in Fig. 5, decreases exponentially with the increase
of the rebound angle aþ1 . Therefore, the probability depicts in
Fig. 5 describes the conditioned probability PH n > 1jaþ1 ;a�

� �
on

both the first rebound angle aþ1 and the collision angle a� that
more than one rebound happens. Furthermore, it appears that this
probability to have another rebound slightly depends on the colli-
sion angle a� onto the wall.

To conclude, the particle has a non-zero probability to make an-
other rebound, even if the rebound angle is greater than zero.

2.2.3. Probability density function of the rebound angles
The particle rebound angle distribution function is one of the

most important characteristics for the statistical description of
the behavior of the particles after collision onto the wall. In
Fig. 6(a)–(f), we plotted three types of rebound angle PDF of the
particles that:

(1) experience one and only one rebound and leave the wall
region,

(2) make more than one rebound before their moving away
from the wall,

(3) all the particles gathered under both (1) and (2).
This last rebound angle distribution function will be referred
to as the final rebound angle PDF of the particles in the
following.

A first conspicuous result exhibited in the figures is that the
final rebound angle PDF exactly matches the PDF of the rebound
angle of particles that make just one rebound. Furthermore, the re-
bound angle PDF of particles that make more than one rebound is
shifted with respect to both other PDF when the collision angle in-
creases. Note that in the case with Dc ¼ 2:5� and a� ¼ 32:5�, the
particles experienced just one rebound (refer to Fig. 6(c)). For a col-
lision angle close to the wall standard deviation, the PDF of item (2)
is approximately equal to those of (1) and (3); whereas for a larger
collision angle, likely because of the decrease of the number of
multiple rebounds, a more pronounced difference between the
PDF (2) and (1) or (3) is observed. To clearly account for what is
occurring, the probability to make multiple rebounds as a function
of the collision angle a� is plotted in Fig. 7. The behavior of this
probability demonstrates that an increase of the incident angle
leads to a reduction of the number of multiple rebounds. Thus, it
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Fig. 4. Probability distribution function of the wall roughness angle ðc1Þ at the first collision onto the rough wall for a given collision angle a� and the wall roughness standard
deviation (Dc ¼ 2:5�: (a)–(c) and Dc ¼ 5:0�: (d)–(f)). Empty and filled symbols denote the distributions obtained from wall N�1 and N�2, respectively. The solid line plots the
effective distribution (6) and (7) of Sommerfeld and Huber (1999).
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emerges from these statistics that the percentage of particles that
experience several rebounds remains smaller than 10% with a
maximum value for an incident angle about 2Dc. This percentage
strongly decreases when the collision angle increases. For instance,
less than 1% of the particles experience several rebounds with col-
lision angle greater than 5Dc. In the case of Fig. 6(c) where the im-
pact angle is about a� ¼ 32:5� and the standard deviation of the
wall roughness angles is Dc ¼ 2:5�, any second rebound was hap-
pened. The small amount of the multiple rebounds shown for all
the cases results in a weak weight in the PDF of the rebound angle
for all particles. Accordingly, the PDF of the rebound angle for all
particles is identical to that for particles experiencing just one re-
bound (see Fig. 6). On balance, it appears that the multiple re-
bounds have a weak effect when the collision angle is large,
whereas they are crucial in the description of the rebound process
of the grazing incident particles.

Another important result showed by these rebound angle PDFs
is that the probability for the particles to rebound with a grazing
angle is zero, contrary to the ‘‘Shadow Effect Model”.

3. Stochastic Lagrangian modeling of particles–rough wall
interactions with multiple rebound effects

3.1. Basic approximation

The above mentioned deterministic rebounds of particles onto
the geometrical rough walls pointed out two fundamental steps
during the rebound process: incidence and reflection. It emerged



Fig. 5. Probability to make more than one rebound in terms of the first rebound angle aþ1 . The wall roughness standard deviations in cases (a) and (b) are Dc ¼ 2:5� and
Dc ¼ 5:0� , respectively. The symbols� and � represent the collision angles a� ¼ 2:5� and a� ¼ 12:5� . Empty and filled symbols refer to wall N�1 and wall N�2, respectively.
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that the distribution function of the final rebound angle is nearly
identical to those that make only one rebound. This leads us to as-
sume that a particle experiences only one effective virtual rebound,
in the framework of the present modeling. Furthermore, the
inclined virtual wall approach on which the particle collides is
resumed. Therefore, the description of the particle–rough wall
interactions sums up into the accurate modeling of incident effect
in order to provide the virtual wall angle in terms of the incidence
and reproduce more closely multiple rebound effects through a un-
ique rebound model.

3.1.1. Analysis of the incident effect
The incident effect is characterized by a perspective of the phys-

ical rough wall ‘‘seen” by a colliding particle onto the wall. In the
framework of the stochastic modeling of the wall roughness effect,
this might be expressed by a modification of the distribution of the
physical wall roughness angles for each incident particle. For
example with the ‘‘Shadow Effect Model”, even though the result-
ing truncated Gaussian distribution of wall roughness angles is the
result of a joint description of the incidence and the rebound of the
particle on the rough wall, this modeling highlights an underlying
incident effect. Actually, by defining the conditional standard devi-
ation of wall roughness angle on the incidence a� such that:

½rðcja�Þ�2 ¼ hc2ja�i � hcja�i2, where hc2ja�i ¼
R p=2
�p=2 c2PH

eff ðcja�Þdc

and hcja�i ¼
R p=2
�p=2 cPH

eff ðcja�Þdc with the wall roughness condi-

tioned PDF PH

eff ðcja�Þ given by (8). One shows, in the case of the
fully elastic rebounds, that for grazing incident particles (defined
by an incidence a� ! 0;p) the conditional standard deviation

rðcja�Þ tends to Dc
ffiffiffiffiffiffiffiffiffiffiffi
1� 2

p

q
. The distribution of the wall roughness

is then reduced to around 60% of the Gaussian distribution of phys-
ical wall angles. For vertical incidences with a� ! p=2, the condi-
tioned standard deviation rðcja�Þ tends to Dc. This means that the
distribution of the wall roughness expands with the increase of the
particle collision angle, and beyond a certain collision angle the
shadow effect does not exist anymore.

Such an incident effect occurs in the ‘‘Abnormal bouncing model”
(Tsuji et al., 1987), although no physical evidence can support it.

The particle collisions onto the deterministic rough walls
showed that the wall roughness angle distribution ‘‘seen” by an
incident particle at the first rebound is exactly modeled by the
effective distribution of Sommerfeld and Huber (1999). Because
the basic point of this new modeling is that the particle makes only
one rebound, the wall roughness should systematically be sampled
from the effective distribution of Sommerfeld and Huber (1999).
3.1.2. Analysis of the rebound effect
The rebound effect should be considered as the realisability

condition of the rebound. It requires that the particle exits the
near-wall region for all collision angles. This implies the condition
vþp � n > 0 (where vþp and n denote the rebound velocity and the
macroscopic wall unit vector directed towards the flow, respec-
tively), that the particle returns in the flow after rebound is a nec-
essary one. However, it is far from sufficient since the eventuality
of multiple rebounds might be crucial in the description of the col-
lision process for a certain number of rebounds, especially for those
that occur with a grazing rebound angle. Therefore in the frame-
work of the present modeling, in which it is assumed that the par-
ticle goes towards the flow after making only one effective
rebound, a necessary and sufficient condition of the realisability
of the particle rebound should integrate both the ‘‘natural” condi-
tion vþp � n > 0 and the probability to make one and only one
rebound.

The proposed rebound effect model is mathematically sup-
ported by the following proof. Let R be the probability that a given
incident particle with a collision angle a� leaves the macroscopic
wall with a rebound angle aþ after rebound. Considering that the
particle might hit the wall many times before exiting the near-wall
region, if we denote with Qðaþ; nja�Þ the conditional probability
that the incident particle hitting the wall with an angle a� leaves
the wall region with a rebound angle aþ after n rebounds, R takes
the following form:

Rðaþja�Þ ¼
X1
n¼1

Qðaþ; nja�Þ ð11Þ

Furthermore, by considering for a given collision angle a� both the
following events: ‘‘make only one rebound” and ‘‘make two rebounds
at least” whose probabilities are, respectively, Qðaþ;n ¼ 1ja�Þ and
Qðaþ;n > 1ja�Þ, the probability (11) may be expressed as:

Rðaþja�Þ ¼ Qðaþ;n ¼ 1ja�Þ þ Qðaþ;n > 1ja�Þ ð12Þ

It emerges that the modeling of the multiple rebound effects can be
summed up to those of both the foregoing complementary events.

A multiple rebound process necessarily assumes that the parti-
cle has already rebounded once, and first with an angle aþ1 . There-
fore, by defining Qðaþ;njaþ1 ;a�Þ conditional probability on both the
first rebound angle aþ1 and the collision angle a�, that the colliding
particle leaves the wall region with aþ after n rebounds; and intro-
ducing in addition the transition probability R1ðaþ1 ja�Þ that the
incident particle rebounds the first time onto an inclined smooth



Fig. 6. PDFs of the rebound angle conditioned on both the number n of rebounds and the collision angle a� (wall N�1). (a)–(c) and (d)–(f) represent rough walls with Dc ¼ 2:5�

and Dc ¼ 5:0� , respectively.4 refers to the rebound angle PDF of all the particles leaving the wall region whatever the number of rebounds: Rðaþja�Þ.� is the rebound angle
PDF of the particles experiencing just one rebound: Qðaþjn ¼ 1;a�Þ, whereas � denotes the PDF for the particles that make more than one rebound: Qðaþjn > 1;a�Þ.
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wall with aþ ¼ aþ1 , we may write that the conditional probability
Qðaþ;nja�Þ is:

Qðaþ;nja�Þ ¼
Z p=2

�p=2
Q aþ;njaþ1 ;a�
� �

R1 aþ1 ja�
� �

daþ1 ð13Þ

According to Konan et al. (2006), the probability R1ðaþ1 ja�Þ is mod-
eled by:

R1 aþ1 ja�
� �

¼
Z p=2

�p=2
d aþ1 � /a� ðcÞ
� �

Peff ðcja�Þdc ð14Þ
where /a� is a function of wall roughness angle c that derives from
the rebound laws on a smooth inclined wall for a given collision an-
gle a�. Note that Peff is the wall roughness angle PDF referred by
Sommerfeld and Huber (1999) in which the random sample should
be performed according to Section 3.1.1.

Moreover, introducing the probability PHðnjaþ1 ;a�Þ that the par-
ticle makes n rebounds before exiting the wall region, conditioned
on both the first rebound angle aþ1 and the incident angle a�, we
may express the probability Qðaþ;njaþ1 ;a�Þ as follows:

Q aþ;njaþ1 ;a�
� �

¼ Q aþjn;aþ1 ;a�
� �

PH njaþ1 ;a�
� �

ð15Þ



Fig. 7. Probability to make more than one rebound according to the collision angle
a� . � and 4 refer to the wall roughness standard deviation Dc ¼ 2:5� and
Dc ¼ 5:0� , respectively (wall N�1).
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Finally, from (13) and (15), the probability Qðaþ;n ¼ 1ja�Þ that the
incident particle makes one and only one rebound before leaving
the wall region satisfies:

Q aþ;n ¼ 1ja�ð Þ ¼
Z p=2

�p=2
Q aþjn ¼ 1;aþ1 ;a

�� �
PH n ¼ 1jaþ1 ;a�
� �

R1 aþ1 ja�
� �

daþ1 ð16Þ

Furthermore, the probability Qðaþjn ¼ 1;aþ1 ;a�Þ obviously equals
dðaþ � aþ1 Þ, since it defines the probability conditioned on just one
rebound while at the same time the rebound angle is already set
to aþ1 . Hence:

Q aþ;n ¼ 1ja�ð Þ ¼ PH n ¼ 1jaþ;a�ð ÞR1 aþja�ð Þ ð17Þ

The second probability Qðaþ;n > 1ja�Þ of the modeling (12) that the
particle leaves the wall at least after two rebounds can be modeled
similarly by introducing the probability Pðn > 1ja�Þ to make over
one rebound for a given collision angle a�. In other words:

Qðaþ;n > 1ja�Þ ¼ Qðaþjn > 1;a�ÞPðn > 1ja�Þ ð18Þ

Furthermore,

Pðn > 1ja�Þ ¼ 1� Pðn ¼ 1ja�Þ ð19Þ

where by definition:

Pðn ¼ 1ja�Þ ¼
Z p=2

�p=2
PHðn ¼ 1jaþ;a�ÞR1ðaþja�Þdaþ ð20Þ

Substituting (17) and (18) into (12), the exact formulation of the re-
bound effect reduces to:

Rðaþja�Þ ¼ PHðn¼ 1jaþ;a�ÞR1ðaþja�ÞþQðaþjn> 1;a�ÞPðn> 1ja�Þ
ð21Þ

At this stage, the explicit forms of both probabilities
PHðn ¼ 1jaþ;a�Þ and Qðaþjn > 1;a�Þ are still unknown, therefore
closure assumptions are needed to achieve the modeling of the re-
bound effect.

First, we assume that the probability PHðn ¼ 1jaþ;a�Þ, is very
weakly conditioned on the incident angle a� for a given first re-
bound angle aþ. Therefore, we can write that:

PHðn ¼ 1jaþ;a�Þ � PHðn ¼ 1jaþÞ ð22Þ

This assumption is clearly supported by the results of the determin-
istic rebounds of the particles on the geometrical walls (as shown
by Fig. 5).

The second assumption concerns the PDF of the rebound angle
aþ of the particles that experience multiple rebounds
Qðaþjn > 1;a�Þ. This probability is assumed to be nearly equal to
the one of the particles that experience only one collision
Qðaþjn ¼ 1;a�Þ. Therefore:

Qðaþjn > 1;a�Þ ’ Qðaþjn ¼ 1;a�Þ ¼ Qðaþ;n ¼ 1ja�Þ
Pðn ¼ 1ja�Þ ð23Þ

This assumption seems especially strong in the case of large colli-
sion angles, however it looks suitable for smaller collision angles
(refer to the discussion of Section 2.2.3). Due to the weak effect of
the multiple rebounds in the case of large collision angles, this
assumption should not induce a significant inaccuracy.

Substituting (17), (19), (22) and (23) in (21), the modeling of the
multiple rebound effects through the unique effective rebound
becomes:

Rðaþja�Þ ¼ PHðn ¼ 1jaþÞR1ðaþja�Þ
Pðn ¼ 1ja�Þ ð24Þ

With the above assumptions, the generated absolute error in the re-
bound effect model (24) expresses as follows:

dRðaþja�Þ ¼ Pðn > 1ja�Þ½Qðaþjn > 1;a�Þ � Qðaþjn ¼ 1;a�Þ� ð25Þ

This error remains small as shown by the results of the determinis-
tic rebounds of particles on the geometrical rough wall (refer to
Fig. 6).

3.2. Validation of the modeling of the rebound effect

Validation and setup of the proposed rebound effect model (24)
through a stochastic process requires an accurate analytic formula-
tion of the probability PHðn ¼ 1jaþÞ to make only one rebound con-
ditioned on the rebound angle aþ.

3.2.1. Analytical formulation of the probability to make only one
rebound

In the framework of the ‘‘Shadow effect model”, because the re-
turn of the particle towards the flow after collision onto the virtual
wall is just conditioned by a rebound velocity vþp such that:
vþp � n > 0, the probability can simply be described by a Heaviside
function:

PHðn ¼ 1jaþÞ ¼
1 if aþ > 0
0 otherwise

	
ð26Þ

in which aþ denotes the rebound angle of the particle.
However, the shape of this probability is contradicted by the

previous deterministic collision simulations that show another
shape with three fundamental domains in terms of the rebound
angle. A first domain indicates a null probability to make just
one rebound: this is typically related to the cases of the rebound
particles that continue to move towards the rough wall after a col-
lision. Such particles would obviously make another rebound be-
fore exiting the near-wall region. The second domain for which
this probability presents a significant slope is about the grazing re-
bound angles. It expresses a non-zero probability for such re-
bounded particles to collide again with the asperities of the wall.
Beyond a certain rebound angle (the third domain) the probability
for the particle to experience only one collision onto the wall is
about one.

It appears that the shape of the probability to make only one re-
bound showed by the deterministic rebounds is accurately repro-
duced by the following analytical formulation (see Fig. 8):

PHðn ¼ 1jaþÞ ¼
tanh b aþ

Dc

� �
if aþ P 0

0 if aþ 6 0

(
ð27Þ

with b ’ 3
2.



Fig. 8. Validation of the analytical formulation (solid line) of the probability to make only one rebound. Two collision cases onto the wall N�1 are shown by�: a� ¼ 2:5� and
4: a� ¼ 12:5� . (a) and (b) define the wall roughness standard deviations Dc ¼ 2:5� and Dc ¼ 5:0� , respectively.
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Finally, we can note that the main difference between the pro-
posed new rebound effect and the one expressed through the ‘‘Sha-
dow effect model” (Sommerfeld and Huber, 1999) is that the
‘‘Shadow effect model” admits as absolute event the fact that the
particle leaves the near-wall region provided that the rebound an-
gle is positive, without another possible mechanism which would
ensure that the particles move away from the wall, especially the
grazing rebounded particles (Fig. 9). Therefore, in the ‘‘Shadow ef-
fect model”, even if the random wall roughness angle was supplied
according the ‘‘effective PDF”, the problem of grazing particles after
rebound should always arise.

3.2.2. Validation: case of fully elastic rebounds
To validate the rebound effect described by (24) and (27), we

first assumed fully elastic collisions with 2D wall roughness effects
with nc ¼ ð� sin c; cos c;0Þ, and whereby we can easily formulate
analytically the transition probability R1ðaþja�Þ (14), because of
the very simple definition of /a� . In the frame of fully elastic re-
bounds, the rebound angle aþ conditional on the wall roughness
angle c is given by /a� ðcÞ ¼ 2cþ a�. Thus, substituting /a� in
(14), the probability Rðaþja�Þ becomes:

Rðaþja�Þ ¼ Hðaþ;a�ÞR p
2

0 Hðaþ;a�Þdaþ
ð28Þ
Fig. 9. Illustration of the difference between the probability to make only one
rebound with the ‘‘Shadow effect model” (dotted line) (26) and with the new
modeling approach (solid line) (27).
where

Hðaþ;a�Þ ¼ tanh
3
2

aþ

Dc

� �
sin

aþ þ a�

2

� �
exp �ða

þ � a�Þ2

8Dc2

" #
ð29Þ

Fig. 10(a) and (b) shows comparisons of the PDF of the rebound an-
gles between deterministic elastic rebounds of particles onto geo-
metrical rough walls and analytic formulations (28) and (29) for
two wall roughness standard deviations Dc ¼ 2:5� and Dc ¼ 5:0�,
and for three incident angles: a� ¼ 2:5�; a� ¼ 12:5� and a� ¼
32:5�. One can notice in these figures that for the small, medium
and high collision angles, the stochastic modeling of the multiple
rebound effects (24) and (27) accurately predicts the rebound angle
distribution. Furthermore, these results show that the model leads
to a zero probability to rebound with grazing angle, for any collision
angle onto the rough wall.

3.3. Stochastic Lagrangian procedure of the ‘‘Rough Wall Multi-
Collisions Model”

The idea of the virtual wall on which the incident particle
bounces to simulate wall roughness effects is resumed in the pres-
ent stochastic model. However the incident particle clearly per-
forms only one rebound, but the proposed rebound effect
reproduces multiple rebound effects. Typically, if a sampled wall
roughness angle leads to an high probability to make another re-
bound, it is systematically rejected and another wall roughness an-
gle is sampled. The procedure used to take into account the
mechanisms described in Sections 3.1.1 and 3.1.2 is the following:

(1) Incident shadow effect: the wall roughness c is sampled from
the effective distribution function (30) (Sommerfeld and
Huber, 1999):

Peff ðcjc�p Þ¼
1ffiffiffiffiffiffiffiffiffiffi

2pDc2
p v�p �nc

v�p �n
exp � c2

2Dc2

� �
nðv�p ;DcÞ if v�p �nc60

0 if v�p �nc P 0

8<
:

ð30Þ
where v�p is the particle incident velocity, n and nc are,
respectively, unit normal vectors that define the macroscopic
wall and the virtual wall inclined at angle c (Fig. 1). nðv�p ;DcÞ
ensures the normalization of the PDF. Because the particle
should come from the flow, the condition v�p � n < 0 should
be expected for any colliding particles. Note that the sam-
pling of the wall roughness angle according to the PDF (30)
could be achieved from a rejection method.



Fig. 10. Validation of the rebound effect modeling (24) and (27) (solid line) by comparison with deterministic rebound results (symbols) in the case of fully elastic collision
(28) onto the wall N�1. Symbols �; � and � denote, respectively a� ¼ 2:5�; a� ¼ 12:5� and a� ¼ 32:5� while (a) and (b) represent the rough wall cases with standard
deviations Dc ¼ 2:5� and Dc ¼ 5:0� , respectively.
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(2) Classical rebound law: the rebound velocity and the rebound
angle aþ corresponding to the foregoing sampled wall
roughness angle c are assessed from a classical sliding or
non-sliding rebound law of particles colliding onto a smooth
wall inclined of an angle c.

(3) ‘‘Grazing rebound effect”: assessment of the probability
PHðn ¼ 1jaþÞ to make only one rebound in terms of the
rebound angle aþ from (27) and:

� if aþ 6 0 : PHðn ¼ 1jaþÞ ¼ 0 then a new wall roughness

angle must be sampled: resume of step (1);
� if aþ > 0 : PHðn ¼ 1jaþÞ > 0 then another number

s 2 ½0;1� is randomly chosen according to an uniform dis-
tribution and the decision of keeping the sampled wall
roughness angle is dictated by the following items:
– if s 2�0; PHðn ¼ 1jaþÞ� then the wall roughness angle is

kept and rebound is ended,
– if s 2 ½PHðn ¼ 1jaþÞ;1� then a new wall roughness

angle must be sampled: resume of step (1).
When PHðn ¼ 1jaþÞ > 0, the procedure of keeping the wall
roughness angle c provided by (1), is summarized by Fig. 11.

4. Applications

This section focuses on the application of both stochastic mod-
els (‘‘Shadow Effect Model” and ‘‘Rough Wall Multi-Collisions
Model”) to simulate inelastic rebounds of spherical particles onto
rough walls. The results are compared with the measurements
conducted by Sommerfeld and Huber (1999). The simulation
method is exactly the same used by Sommerfeld and Huber
(1999) to validate ‘‘Shadow Effect Model”. Accordingly, the simula-
tions of the rebounds onto the rough wall are achieved from the
distributions of both the streamwise velocity and the angular
velocity of the incident particles onto the wall. We assumed a
Gaussian shape for each of these distributions. According to the
measurements, the mean velocity of the incident particles is
5:91 m s�1 with a rms of 1:16 m s�1. Since experimental data on
Fig. 11. Summary of the procedure used to keep th
the angular velocity are not available, the estimation of the mean
and rms values is performed according to the method suggested
by Sommerfeld and Huber (1999). Thus, the mean and the rms va-
lue are taken to be equal to 16;336 rad s�1 and 5655 rad s�1,
respectively. The measured wall roughness standard deviation is
about Dc ¼ 3:8�. The method to account for the restitution (ew)
and the friction ðlwÞ coefficients at the wall is the one of Sommer-
feld and Huber (1999) that in the framework of collisions of spher-
ical particles onto a smooth horizontal wall is expressed by:

ewða�Þ ¼
eh�1
ae

a� þ 1 if a� 2 ½0;ae�
eh if a� P ae

(
ð31Þ

and

lwða�Þ ¼
lh�l0

al
a� þ l0 if a� 2 ½0;al�

lh if a� P al

(
ð32Þ

where eh; lh and l0 are the rebound coefficients. The angles ae and
al that appear in (31) and (32) are obtained from experiments.
Denoting the particle properties before and after rebound by the
superscripts (�) and (+), respectively, the rebound velocities are:

uþp ¼ u�p � lwð1þ ewÞev�p
vþp ¼ �ewv�p
xþp ¼ x�p þ 5lwð1þ ewÞe

vþp
dp

e ¼ sign u�p �
dp

2 x�p
� �

8>>>>>><
>>>>>>:

ð33Þ

According to available measurements, the rebounds of glass bead
particles with diameter dp ¼ 500 lm onto the stainless steel wall
are simulated for three different incident angles 5�, 15� and 25�, with
the rebound coefficients: eh ¼ 0:7; lh ¼ 0:15; l0 ¼ 0:4; ae ¼ 22:0�

and al ¼ 20:0�. A total of 107 incident trajectories is simulated for
each incident angle.

It should be noted that in order to remain consistent with the
stochastic simulation procedures of the wall roughness effects, in
which the incident particle bounces onto a smooth wall inclined
e sampled wall roughness angle c at step (3).
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of an angle c, the global collision angle onto that smooth wall is ta-
ken to be equal to a� þ c instead of a� in (31) and (32).

Since, we set the incident angles of the particles, the analysis of
the behavior after the rebound is restricted to the distribution of
the rebound angles.

To prove that both incident and rebound mechanisms must be
correctly accounted for in order to accurately describe the parti-
cles–rough wall interactions, we introduced the ‘‘Advanced Sha-
dow Effect Model” which corresponds to the ‘‘Shadow Effect
Model” procedure with the wall roughness sampled randomly
according to the effective distribution function (30), instead of
the normal distribution.

Fig. 12 shows the distribution of rebound angles for each of the
incident angles (5�, 15� and 25�) simulated with the three models.
The results are compared with the measurements. It appears a
good agreement between the distributions simulated with the
‘‘Rough Wall Multi-Collision Model” and the measurements for
the three incident angles. That is characterized by a zero probabil-
ity to rebound with a grazing rebound angle even for grazing inci-
dent particles. This good agreement highlights the importance of
multiple rebound effects, especially for the grazing incident parti-
cles onto the wall.

Rebound angle distribution functions simulated with the ‘‘Sha-
dow Effect Model” show an identical shape profiles with a signifi-
cant probability for the rebound angles close to zero while the
incident angle is relatively small (refer to Fig. 12(a) and (b)). Actu-
ally, for incident angles smaller than 15�, the particle has a high
probability to rebound with a grazing angle. This effect becomes
more pronounced when the colliding angle is a� ¼ 5�. Such a spu-
rious effect might lead to some important discrepancies in the pre-
diction of particulate phase properties in channel flows, where the
Fig. 12. Comparison between the measured PDF of the rebound angles by Sommerfeld
Solid line: ‘‘Shadow Effect Model”, �: ‘‘Advanced Shadow Effect Model” and +: ‘‘Rough W
wall rough standard deviation Dc ¼ 3:8� and the collision angles (a) a� ¼ 5:0� , (b) a� ¼
particles tend to reach the wall with a small incident angle (Som-
merfeld, 1992; Konan et al., 2007). In that situation, most of them
could remain grazing and this would lead to the accumulation of
particles in the near-wall region, contrary to what is observed in
experiments with rough wall.

The same non-zero probability for particles to rebound with a
grazing angle when they reach the wall with a small collision angle
does not vanish when using the ‘‘Advanced Shadow Effect Model”.
It can be observed in Fig. 12(a) and (b) that it decreased compared
to those with the standard procedure of the ‘‘Shadow Effect Mod-
el”. Therefore, with the smaller collision angles, both the ‘‘Shadow
Effect Model” and the ‘‘Advanced Shadow Effect Model” are not
able to correctly predict the distribution of the rebound angles.
This demonstrates that the ‘‘natural” condition of the rebound ex-
pressed just by a positive dot product of the rebound velocity and
the wall normal unit vector ðvþp � n > 0Þ is not sufficient to simulate
accurately the wall roughness effects for small collision angles.

On the other hand, the good agreement showed by Fig. 12(c) for
the three models with measurements indicate a correct prediction
of the statistical rebound behavior of the particles when they col-
lide the wall with a large angle. This identical result between the
three models is expected, since in the case of the large collision an-
gles the number of multiple rebounds was found from determinis-
tic rebounds to be smaller than 1%, which then results in a weak
effect of the multiple rebounds.
5. Conclusion

Measurements in literature show that wall roughness has a
conspicuous effect on the properties of the dispersed phases in
and Huber (1999) ð�Þ and the simulations performed from the stochastic models.
all Multi-Collision Model”. Cases are defined by a particle diameter dp ¼ 500 lm, a
15:0� and (c) a� ¼ 25:0� .
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turbulent flows. In this work, a brief review of the behavior of both
the geometrical representation of the wall and the stochastic
description of particles–rough wall interactions is presented. As
the ‘‘Shadow Effect Model” of Sommerfeld and Huber (1999) ap-
peared as the most advanced and practical stochastic process to ac-
count for the wall roughness effects on the particulate phases, a
special emphasis was given to exhibit the particle–rough wall
interaction mechanisms expressed through its formulation.

Furthermore, as it was shown in both the derivation of Eulerian
rough wall boundary conditions and the Lagrangian simulations in
channel flows with rough walls, by Konan et al. (2006, 2007), the
‘‘Shadow Effect Model” leads to a non-zero probability for the collid-
ing particles to remain grazing after the rebound. Especially, the
model leads to a significant probability that the particles reaching
the wall with a small collision angle remain grazing, thus indicat-
ing a strong likelihood to rebound with a null wall-normal velocity,
contrary to observations.

Motivated by the inability of the ‘‘Shadow Effect Model” to prop-
erly account for the wall roughness effects for the particles that hit
the wall with a grazing angle, deterministic rebounds of spherical
particles onto geometrical two-dimensional walls are carried out
to statistically investigate the behavior of the particles interacting
with rough walls. The simulations showed three important results:
(1) the wall roughness angle distribution experienced by an inci-
dent particle at the first rebound is exactly defined by the effective
distribution function given by Sommerfeld and Huber (1999), (2)
the particle has a non-zero probability to make another rebound,
even if the rebound angle is greater than zero, and (3) the final re-
bound angle distribution function of the particles is nearly identi-
cal to those that make only one rebound.

The three points showed in our investigation on deterministic
rebounds are used to derive the ‘‘Rough Wall Multi-Collisions Mod-
el”, a stochastic process which models particles–rough wall inter-
actions through a unique rebound approach and reproduces the
effects of multiple rebounds through the probability to make only
one rebound.

Moreover, in order to assess the assumptions that support the
‘‘Rough Wall Multi-Collisions Model”, we finally simulated the
inelastic rebound step of the spherical particles onto the rough
wall in the experiment of Sommerfeld and Huber (1999) in a nar-
row channel with rough walls. Excellent agreement was obtained
between the simulated rebound PDF with the ‘‘Rough Wall Multi-
Collisions Model” and the measurements for small, medium and
large collision angles. Non-zero probability for the particles to re-
main grazing is found with the ‘‘Shadow Effect Model”, contrary to
experiments. These results indicate that the accurate treatment
of the wall roughness effects in a stochastic approach requires both
a precise modeling of the incident effect, and a correct rebound
process able to describe mechanisms that ensure that particles
leave the wall region, such as multiple rebounds.

Because of the three-dimensional aspect of the rough wall
structure, the mechanisms of multiple collisions may be signifi-
cantly modified, especially for the collisions that happen with large
impact angles onto the rough wall. However, for the collisions that
occur with very small angles (which are dominating the multiple
rebound effects), the main findings about the statistical behavior
of such colliding particles should not significantly change. The
methodology developed in this manuscript to investigate the sta-
tistical behavior of particles onto the two-dimensional rough wall
can be resumed to account for the collisions of the spherical parti-
cles onto the three-dimensional features of wall roughness.

References

Alipchenkov, V.M., Zaichik, L.I., Simonin, O., 2001. A comparison of two approaches
to derivation of boundary conditions for continuous equations of particle
motion in turbulent flow. High Temperature 39, 104–110.

Benson, M., Tanaka, T., Eaton, J.K., 2005. Effects of wall roughness on particle
velocities in a turbulent channel flow. Trans. ASME 127, 250–256.

Frank, T.H., Schade, K.-P., Petrak, D., 1993. Int. J. Multiphase Flow 19, 187–198.
Fukagata, K., Zahrai, S., Bark, F.H., Kondo, S., 2001. Effects of wall roughness in a gas-

particle turbulent vertical channel flow. In: Lindborg, E. et al. (Eds.), Proceedings
of 2nd International Symposium on Turbulence and Shear Flow Phenomena,
vol. II. KTH, Stockholm, pp. 117–122.

Konan, N.A., Simonin, O., Squires, K.D., 2006. Rough wall boundary condition
derivation for particle continuum equations: validation from LES/DPS of gas–
solid turbulent channel flow. In: Proceedings of FEDSM2006 ASME Joint U.S.-
European Fluids Engineering Summer Meeting, Miami, Florida, USA, July 17–20.

Konan, A., Badarayani, S., Simonin, O., Squires, K., 2007. LES/DPS of horizontal gas–
solid channel flow with particle–particle collision and wall roughness effects.
In: 6th International Conference on Multiphase Flow, ICMF 2007, Liepzig,
Germany, July 9–13.

Matsumoto, S., Saito, S., 1970a. On the mechanism of suspension of particles in
horizontal pneumatic conveying: Monte Carlo simulation based on the irregular
bouncing model. J. Chem. Eng. Jpn. 3, 83–92.

Matsumoto, S., Saito, S., 1970b. Monte Carlo simulation of horizontal pneumatic
conveying based on the rough wall model. J. Chem. Eng. Jpn. 3, 223–230.

Muthanna, C., Nieuwstadt, F.T.M., Hunt, J.C.R., 2005. Measurement of the
aerodynamic forces on a small particle attached to a wall. Exp. Fluids 39,
455–463.

Oesterlé, B., 1991. Numerical prediction of particle trajectories in a pipe bend. In:
Proceedings of the 5th Workshop on Two-Phase Flow Predictions, Erlangen, pp.
148–155.

Ottjes, J.A., 1978. Digital simulation of pneumatic particle transport. Chem. Eng. Sci.
33, 783–786.

Sakiz, M., Simonin, O., 1999. Development and validation of continuum particle wall
boundary conditions using Lagrangian simulation of a vertical gas/solid channel
flow. In: 3rd ASME/JSME Joint Fluids Engineering Conference, San-Francisco,
California, USA, July 18–23, Paper No. 7898.

Schade, K.-P., Hädrich, Th., 1998. Investigation of influence of wall roughness on
particle–wall collision. In: Third International Conference on Multiphase Flow,
ICMF’98, Lyon, France, June 8–12.

Sommerfeld, M., 1992. Modelling of particle–wall collision in confined gas-particle
flows. Int. J. Multiphase Flow. 18, 905–926.

Sommerfeld, M., Huber, N., 1999. Experimental analysis and modelling of particle–
wall collisions. Int. J. Multiphase Flow. 25, 1457–1489.

Kussin, J., Sommerfeld, M., 2002. Experimental studies on particle behaviour and
turbulence modification in horizontal channel flow with different wall
roughness. Exp. Fluids 33, 143–159.

Laìn, S., Sommerfeld, M., Kussin, J., 2002. Experimental studies and modelling of
four-way coupling particle-laden horizontal channel flow. Int. J. Heat Fluid Flow
23, 647–656.

Squires, K.D., Simonin, O., 2006. LES-DPS of the effect of wall roughness on
dispersed-phase transport in particle-laden turbulent channel flow. Int. J. Heat
Fluid Flow 27, 619–626.

Tsirkunov, Yu.M., Panfilov, S.V., 1998. Modelling or particle–wall interaction in two-
phase flows at moderate and high particle impact velocity. In: Third
International Conference on Multiphase Flow, ICMF’98, Lyon, France, June 8–12.

Tsuji, Y., Morikawa, Y., Tanaka, T., Nakatsukasa, N., Nakatani, M., 1987. Numerical
simulation of gas–solid two-phase flow in a two-dimensional horizontal
channel. Int. J. Multiphase Flow 13, 671–684.

Zeng, L., Najjar, F., Balachandar, S., Fischer, P., 2007. Wall effects on lift and drag on a
particle at finite Re. In: 6th International Conference on Multiphase Flow, ICMF
2007, Liepzig, Germany, July 9–13.


	Stochastic modeling of the multiple rebound effects for particle–rough  wall collisions
	Introduction and background
	Statistical study of the rebound of particles on geometrical rough walls
	Setup of the particle deterministic rebounds on the geometrical walls
	Statistical analysis of simulation results
	Distribution function of the wall roughness angles
	Stochastic characterization of the multiple rebounds
	Probability density function of the rebound angles


	Stochastic Lagrangian modeling of particles–rough wall interactions with multiple rebound effects
	Basic approximation
	Analysis of the incident effect
	Analysis of the rebound effect

	Validation of the modeling of the rebound effect
	Analytical formulation of the probability to make only one rebound
	Validation: case of fully elastic rebounds

	Stochastic Lagrangian procedure of the “Rough Wall Multi-Collisions Model”

	Applications
	Conclusion
	References


